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SHORT SUMMARY

Abstract

This study proposes a reward-based framework for public transit demand control
under partial controllability, where only a subset of users can be directly influenced
by incentives. The framework integrates a mean-field model of day-to-day behav-
ioral adjustment with a budget-feasible reverse auction based on congestion external-
ities. Controllable and uncontrollable users are coupled through aggregate network
congestion, while the operator allocates limited rewards using class-level externality
weights computed from observed flow states. The proposed mechanism satisfies per-
day strategy-proofness, individual rationality, and budget feasibility in the induced
single-parameter environment. The resulting system is formulated as a feedback-
perturbed population dynamic, in which uncontrolled users follow inertial logit revision
and controllable users are additionally shifted by auction-induced reallocation. Nu-
merical experiments show that the mechanism reduces peak-period congestion even
when the controllable fraction is limited, while also revealing a trade-off between
externality-based targeting and budget efficiency under heterogeneous weights.

Keywords: reverse auction; budget-feasible incentive mechanism; partial controllability; popula-
tion dynamics; mean field control

1 INTRODUCTION

Congestion in transportation is a negative-externality problem: each user’s route or departure time
imposes congestion on others. In static settings, a standard first-best instrument is marginal cost
pricing (Pigou| (1920))), but are often difficult to implement because of informational and political
constraints. A central issue is information asymmetry: operators cannot directly observe users’
private costs of shifting strategies. Pricing-based measures are also often viewed as regressive,
unpopular, and politically infeasible.

To address these challenges, this study proposes a reward-based demand control framework com-
bining (i) a strategy-proof and budget-feasible mechanism, (ii) partial controllability, where only a
subset of users can be directly influenced, and (iii) day-to-day user adaptation modeled as an asym-
metric population game. Its core is a reverse auction that elicits private shift costs and allocates
a limited budget to users who can reduce congestion most cost-effectively.

Existing studies remain fragmented: some elicit private information through VCG-type mecha-
nisms (Vickrey| (1961)); |Clarke| (1971); \Groves| (1973))), others model aggregate adaptation through
potential games (Sandholm/(2002))) or trial-and-error pricing (Seo & Yin|(2019))), while others infer
responsiveness through predictive behavioral models (Matsunaga & Hato| (2026)). Few studies in-
tegrate budget feasibility, private information, partial controllability, and day-to-day adaptation in
one framework. Although [Jiang et al.| (2024) studies a reverse auction for Hong Kong’s MTR sys-
tem, it does not explicitly model day-to-day behavior or guarantee strategy-proofness and budget
feasibility. Partial controllability is also common in practice, for example in mixed CAV-HV traffic
control (Wu et al.| (2024])). The main contribution of this study is to model the interaction between
an incentive mechanism and an asymmetric population game with controllable and uncontrollable
users. The following sections introduce the mean-field population game, formulate the reverse-
auction policy as a perturbation to its baseline dynamics, analyze the mechanism properties, and
examine the induced dynamics through simulation experiments.
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Figure 1: Mechanism framework

2 MEeAN-FIELD POPULATION GAME
Preliminaries

Consider a population of N users, each choosing a strategy s from a finite set S. Let p € [0, 1]
be a penetration rate, the share of users directly reachable by the operator; these users form the
controllable group C, while the remaining fraction 1 — p forms the uncontrolled group U. Let
x¢ 2V e Al denote the population-level strategy shares of groups C' and U, respectively, on day
t, and write xgt and xgt for their s-th components.

This paper adopts a mean-field framework, where the population is represented by aggregate
strategy distributions rather than individual-level states. Then the aggregate strategy share is

given by the mean-field coupling of the two groups:
2y =pay +(1-p)zy. (1)

Table |l summarises the principal notation used throughout this paper, and Figure [2|illustrates the
proposed framework.

Cost structure and externality weights

Let Us(z;) denote the generalized cost of strategy s under the aggregate state x;. We decompose
it into a congestion-dependent component c¢s(z;) and a strategy-class-specific schedule cost 9):

Us(21) = cs(we) + s, (2)

CS(xt) = Z ca(fa('rt))’ (3)
a€r(s)

fa(mt) = Z Tl t Loes, (4)
s'eS

where r(s) is the set of links contained in strategy s, and f,(x¢) is the normalized flow on link
a. We assume that v, is exogenous and does not depend on the current aggregate state. Thus,
schedule costs affect users’ private evaluations but do not create interaction effects across users.
The generalized social cost is defined as the population average of generalized costs:

W(z,) = Zzs,t (Cs(xt) + 1/13) (5)

seS

This can be decomposed into a congestion term and a schedule-cost term as

W(xt) = Z Ts,t Cs(irt) + Z Ts,t djs .
sES sES
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Because 15 is class-specific and independent of x4, it contributes to welfare but does not generate
congestion externalities. Accordingly, the marginal congestion externality induced by an additional
mass choosing strategy s is
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We define the class-level externality weight as the per-unit marginal congestion externality under
the current state x;:

ow 0
Wi ¢ (1) = B (cs(@e) + 1hs) = Z Tst 5
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Evolution dynamics of the system state

At the population level, we assume that, in the absence of intervention, the aggregate state follows
an inertial logit revision dynamic. Let

us(zt) = —Us(xt),

so that strategies with lower generalized cost have higher latent utility. The baseline evolution is
then written as

Ty =ax+ (1 —a) Q(u(:ct)), (8)
~ exp(us)
Gl = 5 cexp(un)’ ©)

Here a € [0,1) is the inertia parameter, and G(u(z;)) gives the logit revision of the population
under the current generalized costs.
The auction-based incentive mechanism perturbs this baseline evolution through the controllable
group. Denoting this intervention-induced perturbation by F;, we write the aggregate dynamics
in reduced form as

T =z + (1 —a)G(u(zy)) + pF. (10)

The term F; represents the net reallocation of mass induced by the incentive scheme within the
controllable population. By construction, it is mass-preserving, i.e., > s F¢s = 0.

Controlled and uncontrolled population dynamics

This subsection provides a microfoundation for the reduced-form dynamics in . The aggregate
state evolves through inertial logit revision, together with the auction-induced reallocation within
the controllable group.

Uncontrolled group dynamics In the absence of intervention, the uncontrolled group fol-
lows the baseline inertial logit revision:

xﬂ_l,s:ozxger(l—oz)As(u(xt)), s€eS, (11)

where a € [0, 1) is the inertia parameter and A;(u(z;)) is the logit choice probability of strategy s
under the current generalized costs, as already introduced in .

Controlled group dynamics The basic behavioral assumption is common across the two
groups, and the incentive mechanism induces an additional reallocation of mass across strategies
through rewarded shifts. Accordingly, the controlled-group dynamics can be written as

wﬁrl’s = ozxgs +(1—a)As (u(xt)) + Fi s, seS, (12)

where F; s denotes the net auction-induced inflow into strategy s and satisfies Zse sFts = 0.
Under the reverse-auction policy specified in Section 3, this perturbation is given by

1 1
zg_lys = oz:z:gs + (1 — o) Ag(u(zy)) — i Z Dit + i Z Dit- (13)

€Wt 5 ¢=s ive,ZS;:S

baseline logit revision

expected outflow from s expected inflow to s



Table 1: Summary of notation.
Symbol Description
Population and strategies

N Total number of users

S Set of strategies

p €10,1]  Penetration rate (share of controllable users)

C,U Controllable and uncontrolled user groups

xS, 2, Share of group C (resp. U) choosing strategy s on day ¢
Ty Aggregate strategy share (= pzf + (1—p)z¥)

Sit Baseline strategy of user ¢ on day ¢ (without incentives)
Siy Post-shift (desired) strategy of user ¢ on day ¢

Costs and externality

cs(xt) Congestion cost of strategy s under aggregate state x:
Ps Schedule cost of strategy class s (exogenous)

Us(x¢) Generalized cost (= cs(x¢) + 1)
W () Social cost (= >, x5 Us)

We t Class-level externality weight of strategy s on day ¢
ow; ¢ Marginal congestion relief from user i’s shift on day ¢
Auction mechanism

B, Daily budget

it True private shift cost of user ¢ on day ¢

bt Bid submitted by user ¢ on day t

it Reward offered to user i on day ¢

T Invitation set on day ¢

Wi Winner set on day ¢

Vit Efficiency ratio (= bs¢/ws(iy,¢)

Day-to-day dynamics

a €1[0,1) Inertia parameter

As(u) Softmax choice probability for strategy s
Dit Compliance probability of winner ¢ on day ¢

Here p;; € [0,1] is the probability that winner ¢ complies with the requested shift on day ¢. In
the deterministic benchmark, compliance is given by the threshold rule p; ; = 1{¢;; > 6;}. More
generally, probabilistic compliance can be introduced through a binary logit response such as
_ 1

1+ exp{—A(¢i: — 0;)}
where A > 0 governs the sharpness of the response. For those who lose the auction, we can set
@i+ = 0 and thus p; ; ~ 0, so they do not contribute to the reallocation.

Dit

Mean-field aggregate dynamics Using the mean-field coupling (1), the aggregate state
evolves as

Tip1,s = axys + (1 — ) Ag(u(zy)) — ﬁ Z Dit + é Z Dit seS.  (14)

1€EW: 5, 4=s 1EWy: sl=s

The first two terms are the endogenous day-to-day revision, while the last two terms are the
auction-induced control input. Thus the mechanism enters the population game as an external
feedback perturbation.

3 DAY-To-DAY REVERSE AUCTION MECHANISM

In the previous section, we introduced the mean-field population dynamics with perturbation
generated by incentive intervention. This section describes the mechanism at the individual level,
where users in the same class share the same externality weight ws but differ in their private shift
costs 6; ¢.

Here we assume that the operator can reach the controllable group through individualised reward
incentives delivered via their platforms like automated communication channels (e.g., smartphone
app, email). The uncontrolled group, in contrast, adapts through the shared congestion envi-
ronment, thus the total population dynamics will be controlled by the interaction between the
mechanism and the inner population dynamics of the two groups.



Assumptions

The objective of the operator in this auction mechanism is to select a subset of users (winner set
W}) to maximize congestion relief under a limited budget By, which is given as follows:

W; = arg glé%(.ezAéwi’t subject to EZW bit < By, (15)
dwie = Ws(ay,¢ (L) — Wer(5),(T}), (16)

where dw; ; denotes the marginal congestion relief associated with user i’s shift on day t. Specif-
ically, it is measured as the difference between the class-level externality weight under the user’s
baseline strategy 5(i) and that under the post-shift strategy s'(i). These two weights are evalu-
ated at the predicted aggregate state #; and the expected post-shift state x’t, respectively. ¢i,t
represents the reward offered to user 1.

Here, to simplify the problem, we introduce the two assumptions below.

Assumption 1 First, we only consider the contribution of leaving the baseline strategy when
calculating the marginal relief dw; ;. This is reasonable in the context of peak-period congestion
relief, where operators want to focus on shifting users away from highly congested peak-period
strategies. Under this assumption, operators only need to predict the baseline 3;; and its ex-
ternality ws(;), at the aggregate state #; without the incentive scheme to calculate . Since
the aggregate state Z; is now given by the evolutional dynamics of the system as defined in ,
operators can predict Z; from the observed state x; 1 and predicted baseline dynamics under
F=0.

Assumption 2 Second, we also assume that operators can predict controllable users’ baseline
strategy from historical data. In a context of daily morning commute, this kind of prediction will
work reasonably well, as users’ baseline strategies are relatively stable. With this assumption,
operators can evaluate the externality weights wg(;) , for each user i in the controllable group C.
This setting, almost the same as the work by |Jiang et al.| (2024), will require additional discussion
on predictive modeling and estimation, but the details of the prediction method are outside the
scope of this paper.

Mechanism structure

(i) Invitation based on predicted baseline strategies

Under Assumption 2, operators can target users with high externality weights based on predicted
baseline strategies 5;:, and thus can invite only those users to the auction. More specifically,
operators define a set of "undesired" peak-period strategies S~ C S, and invite users whose
predicted baseline strategy 35;. belongs to this set, forming invited users set Z;. This targeting
(invitation) is important because if users with low externality are invited, they will win the auction
with low bids but yield little congestion relief, causing loss of social welfare.

(ii) Bidding by invited users

Each invited user ¢ € Z; submits a bid b; ; > 0, representing the minimum reward they would accept
to shift from their baseline. Users who prefer not to participate do not submit a bid. In reporting
their bids, truthful bidding is an essential assumption for the mechanism to work properly; its
incentive compatibility is verified in the mechanism-properties subsection below. Under truthful
bidding, the bid b; ; directly reflects the user’s private shift cost 0; ;.

(iii) Winner selection under additive contribution approximation

With predicted marginal externality weights ws(;),; and bid b;; for each user i, now operators can
choose winners based on the principle of cost-effectiveness v; = b; ;/dw; . This winner selection
and reward allocation is implemented based on a budget-feasible mechanism proposed by [Singer
(2010) (Algorithm. Those in winner set W; will be offered rewards ¢; ;, and the operator expects
them to shift from their baseline strategy 5; to another strategy s; , ¢ S~.

Here, the objective treats marginal contributions dw;: as additive across winners. In a
congestion-relief problem, welfare gains are generally non-additive because of the diminishing



Algorithm 1 Budget-Feasible Allocation Rule under Additive Contribution Approxima-
tion (Singer| (2010))
Require: Invited set Z;; bids {b;}scz,; class-level externality weights {w,(;)}iez,; budget B;
Ensure: Winner set W;; rewards {¢; }iew,
1: Compute efficiency ratios: ; < b;/wy(;) for each i € Z; > individual bid / class-level weight
2: Sort invited users by 7; in ascending order, and relabel them as (1),..., (|Z;]) so that () <

V@) = ST
3: Find threshold index:

k* max{ke {1,.. ., ||}

B
Yk < kt}
Zj:l W)

4: Set winner set: Wy < {(1),...,(k*)}
5: for each i € W, do
Ws(i)

6: Assign proportional reward: ¢; < min
2 jew, Ws(j)

B, V(k*+1)ws(i)}

7: end for
8: return Wi, {¢;}icw,

marginal relief as more users shift. Hence the exact contribution of each user is set-dependent
and cannot be represented by a single ex-ante scalar without specifying an ordering or a selected
set. However, in the proposed approach, the operator must rank cost-effectiveness ; and deter-
mine payments ¢; before these interaction effects are realized. Therfoere, we ignore this diminishing
marginal relief and treat dw; ; as additive scalars.

(iv) Ex-post reward

Winners who actually changed their travel strategy (verified through records) receive their promised
reward ¢; ;; those who do not shift receive nothing. As shown in next subsection, the mechanism
satisfies strategy-proofness (SP) and individual rationality (IR).

Mechanism properties

Here we show that the proposed mechanism simultaneously satisfies strategy-proofness (SP), in-
dividual rationality (IR), and budget feasibility (BF), on the assumption of additive class-level
externality weights. This proposition is mainly based on Myerson’s theorem, which shows that
single-parameter mechanism with monotonicity and threshold payment be truthful. Our model
is also single-parameter, because shift cost 6 is only parameter for each user. However, as men-
tioned in the previous subsection, we treat marginal contributions as additive values, which is an
approximation and does not hold in the original congestion-relief problem and Singer’s setting.

Proposition (Per-day SP, IR, BF). Algorithm simultaneously satisfies SP, IR, and BF under
the additive contribution approrimation.

Proof. Strategy-proofness; SP. For a fixed day ¢, Algorithm 1 ranks invited users by the effi-
ciency ratio
bi ¢

Vi = )
Ws(i),t

where w,(;) ¢ is fixed from the viewpoint of the daily bid-reporting game. Hence each user’s private
information (;) enters only through the scalar bid b;, so the mechanism is a single-parameter
reverse auction. A lower bid decreases -;, weakly improves the user’s position in the ranking, and
therefore weakly improves the chance of being selected. Thus the allocation rule is monotone in
the standard single-parameter sense.

For each winning user ¢, the payment is given by

. Wg(; s
¢i,¢ = min UL - By, Yk +1) Ws(i),t ¢ 5 (17)
jew, Ws(j),t

which is the threshold payment associated with the ranking rule induced by ;. Therefore, by
Myerson’s characterization for single-parameter domains [Myerson| (1981)), monotonicity together



Parameter Value Description

N 1600 Total number of users

w 2.0 Schedule preference for peak travel
« 0.75 Inertia parameter

153 1.0 Congestion sensitivity

K 2.0 Linear congestion coefficient

Table 2: Common parameters for the numerical experiments.

with threshold payments implies strategy-proofness with respect to bid reporting in the daily
auction.
Individual rationality; IR. From ranking condition in the winner selection step, we have

b; . By
< min§ —=————, Yr41) (- (18)
W) {ZjEWt Ws(j)
which can be rearranged to
bi < min & . Bt, 'Y(k*Jrl)ws(i) . (19)
2 jew, Ws(j)

From , we have b; < ¢;, meaning that the reward offered to user i exceeds their bid b;, which
is the minimum compensation they require to shift under the condition of SP.
Budget feasibility; BF. Budget feasibility follows directly from

Z@'SZ o -B; = By.

. w
€W, iEW, dew,, J
O

Here, this SP holds at the per-day level: truthful bidding is optimal within each day’s auction,
conditional on the current state and weights. However, since the auction result and the following
behavior shift change future aggregate states through , these dynamics might cause cross-day
manipulation in users’ bidding process. A full analysis of repeated-game incentive compatibility is
left for future work.

4 NUMERICAL EXPERIMENTS
Setup

In the numerical experiments, each strategy s € S corresponds to a space-time path on a trans-
portation network G = (N, A). Let 7, = Ny/N denote the population share of class s. Compliance
is assumed deterministic (¢, ; > 6; implies shift). Since the auction mechanism targets congestion
relief without accounting for users’ schedule costs caused by post-shift strategy, the planner’s ob-
jective is to minimise congestion cost alone, without schedule delay costs. The logit social optimum

*

x* is therefore defined as the minimiser of the congestion cost regularised by the logit entropy:

x* = argm}in {Wcong(f(x)) - Bt ZWSH(XS)} ) (20)

where H(xs) = — >, s pInz,y is the entropy of the strategy distribution within class s. The
entropy term ensures consistency with bounded rationality in the logit choice model.
Table [2] summarises common parameters.

Ezxperiment 1: Case of single-link binary choice
Here we use a single-link scalar model with one population class and binary choice (S = {peak, off-peak}),

and we set externality weights homogeneous (w; = 1 for all i € N). We fix p = 0.20, B = 0.7 and
compare four policies over 60 days. We also set private shift costs as 6; ~ Uniform[0, 1.0].



The proposed mechanism closes 8% of the NE-SO gap in W (= (WNE — W) /(WNE — 17/S0),
Table |3). Uniform reward distributes the budget equally among all invited users, yielding per-
person rewards too small to cover any #;; random selection pays each winner’s bid in random order
until the budget is exhausted, producing marginal reduction. Proposed method outperforms both
by concentrating the budget on the cheapest users, and also it shows clear convergence to a new
stationary state with lower W and peak share (Figure [2)).

Policy W NE-SO gap closed
No intervention 1.085 0%
Uniform reward 1.085 0%
Random selection 1.080 0%
Proposed (SP + BF) 1.006 8%

Logit SO 0.136 100%

Table 3: Stationary W and NE-SO gap closed under different policies (Experiment 1).

Peak share (p=0.2, B=0.7) Social cost (p=0.2,B=0.7)
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Figure 2: Convergence of peak share and social cost under different policies (Experiment 1).

Ezxperiment 2: Case of multi-slot corridor network

We extend the model to a linear corridor network with four origin nodes sg, ..., s3 connected in
series to a CBD destination (Figure |3). Each link has travel time 7 = 0.5 time units, so the
total travel time from station s to the CBD is (4 — s)7; users from so spend 2.0 time units in
the network while those from sz spend only 0.5. The departure time is discretised into 6 slots at
30-minute intervals from 6:00 to 8:30. All users share a common desired arrival time t* = 8:00
at the CBD, and schedule delay is asymmetric: S = 1.0 (early), 8 = 2.0 (late). Population is
CBD-concentrated, with Ny = (200, 300, 400, 700) for stations s, ..., s3. The peak arrival window
at the CBD is defined as [7:30, 8:30]; the set of departure slots classified as peak varies by origin
due to the differing travel times.

Congestion cost on each link-time pair (a,7) is linear: ¢4(fo,r) = K fo,r with £ = 2.0 uniform
across all links. Because users from distant origins traverse more links, their route congestion
cost e, K far, and, consequently, their externality weight w; (eq. (7)) are structurally larger.
The weights are recomputed daily from the observed flow state. Private shift costs are drawn as
0; ~ Uniform|0, 1.5]; note that this experiment uses a wider support than the previous experiment
([0, 1.0]) to reflect the larger schedule delay costs in the multi-slot setting.

Figure [4] shows the convergence of W for the cases with/without considering heterogeneity of
externality weights. The converged social cost W is slightly lower when considering heterogeneity,
which is expected because targeting high-externality users should improve cost-effectiveness.
Figure [5| compares results of with/without this heterogeneity under different settings of budget
constraints and penetration rate. The illustrated resluts are reasonable: decreasing of converged
social costs as budget and penetration increase. The green region illustrates a clear improvement in
congestion relief by considering heterogeneity, but there is not an obvious relationship with budget
or penetration rate. We can also see that as budget and penetration rate increase, the converged



social cost gets closer to the logit SO line. As same as in Experiment 1, there are large gaps
between the converged scores and those of SO, but it depends on the setting of hyperparameters.
Figure [6 focuses on the overpayment problem caused by the proportional payment rule (Algo-
rithm It shows that around 50% of the payment is information rent, implying total payment
is roughly twice the true compensation cost. This overpayment is a structural consequence of
the algorithm’s design to ensure strategy-proofness and individual rationality: the reward ¢; must
exceed the user’s private cost 6; to incentivise truthful bidding, but the proportional rule inflates
rewards for high-w; users. It also illustrates the number of winners per day, which increases almost
linearly with budget, as expected. This trade-off between mechanism properties and efficiency is a
fundamental aspect of the design: while the proportional payment rule ensures SP and IR, it can
lead to significant overpayment. Also, looking at the number of winners, the mechanism under this
setting is very selective, resulting in only about 30 users in the total of 1600 users being selected
as winners per day. This is one possible reason why the improvement in W is limited compared to
the logit SO benchmark.

300 400

N 200 700
peak departureslots 6, 6:30 6,6:30,7 6:30,7,7:30 7,7:30,8
peak arrival slots 7.30,8,8:30

Figure 3: Linear corridor with four origin nodes to CBD (for Experiment 2).
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Figure 5: Stationary congestion cost W under homogeneous (w; = 1) and heterogeneous
w; as a function of budget B, for p € {0.2,0.4,0.6}. Green (blue) shading indicates regions
where heterogeneous (homogeneous) weights achieve lower W.
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axis) under homogeneous and heterogeneous wj, as a function of budget B.

5 DiscussioN AND CONCLUSIONS

This paper proposed a day-to-day reverse auction mechanism for congestion control under partial
controllability. Under additive congestion assumptions, the mechanism satisfies SP, IR, and BF
through an externality-weighted Singer rule. Numerical experiments suggest that even limited con-
trollability can move the system toward the social optimum through feedback to the uncontrolled
group.

Several extensions remain. The payment rule should be refined to reduce overpayment. Marginal
contribution should also account for the social cost of the destination strategy, not only that of
leaving the baseline. In repeated settings, additional devices may be needed to deter strategic
bidding across days. Since the present case study relies on simplified numerical assumptions,
validation in more realistic settings is essential.

A further issue is the submodularity of marginal contributions. Here they are treated additively
to determine the auction outcome ex ante. In reality, congestion relief is generally set-dependent
and exhibits diminishing returns. Incorporating this structure may better approximate the original
welfare problem and improve efficiency.
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