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SHORT SUMMARY

Multi-region bathtub models are widely applied to urban networks with unevenly distributed con-
gestion. They require explicit modeling of regional path choice and flow exchanges. Regional
paths are commonly defined as sets of routes that share the same sequence of traversed regions,
and their distances can vary depending on traffic conditions. However, existing studies lack a
systematic way to capture how regional traffic states affect path distances. This paper extends
the multi-region bathtub model by incorporating dynamic path distance approximations for paths
in each region. The extended model is evaluated on a partitioned road network of the city of
Delft, the Netherlands. Bathtub model simulations with different path distance assumptions are
benchmarked against a macroscopic traffic simulation. Results indicate that dynamic path dis-
tance approximation improves the accuracy of regional accumulation and speed in regions with
large variations in path distance. In regions with limited path distance variation, static distances
remain sufficient.
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1 INTRODUCTION

Bathtub models have received increasing attention in research on urban traffic flow modeling and
management (Johari et al., |2021). Bathtub models represent network-wide traffic dynamics by
drawing an analogy between vehicle accumulation and water volume, and between traffic flow and
water discharge. Traffic states are assumed to be homogeneous within an area, where the flow-
density relationship can be represented by a Macroscopic Fundamental Diagram (MFD).

As the key relationship that describes traffic supply in bathtub models, the MFD has been val-
idated against empirical data from cities with various topological structures (Geroliminis & Da-
ganzo, 2008; [Lu et al. [2018; [Paipuri et al [2020). However, increasing evidence indicates that
MFDs are sensitive to spatial heterogeneity in demand distribution and congestion propagation,
which can significantly affect network performance (Shim et al., 2019 |[Ambiihl et al.l 2021} |Tilg
et al., 2023). To capture the influence of traffic heterogeneity in the MFD, Knoop et al.| (2015)
introduced a generalized MFD that incorporates density and density deviation. [Tilg et al.| (2023)
proposed a network method of cuts that considers the effect of demand patterns on MFD.

Rather than extending the MFD to account for heterogeneous areas, another widely used ap-
proach is to partition the network into regions with more homogeneous traffic states, thereby
improving the validity of the homogeneity assumptions. Starting with |[Ji & Geroliminis (2012)),
many partitioning methods have been applied in bathtub models (Alayasreih et al., 2025). For
multi-region bathtub models, components such as demand aggregation methods, flow exchange
formulations, and merge rules have been investigated (Yildirimoglu & Geroliminis| 2014} [Batista
& Leclercq, [2019; Mariotte & Leclercq, [2019; Mariotte et al.| 2020)).

In addition to affecting the network supply, heterogeneous congestion also influences the demand
through adaptive route choice behavior. Under heterogeneous congestion conditions, drivers may
reroute to minimize travel time, which alters the effective trip distances. Batista et al.| (2021)
proposed an estimation method for traffic-dependent trip distances for inter-regional paths within



a regional dynamic traffic assignment (R-DTA) framework. Focusing on intra-regional rerout-
ing, |Guo et al.| (2025)) introduced a rerouting factor function (RFF) to approximate dynamic trip
distances resulting from changes in congestion levels and demand distributions. In single-region
settings, trip distance approximation has a relatively stable and direct influence on network dy-
namics, as the increment in trip distance leads to more severe congestion.

In contrast, it remains unclear whether intra-regional rerouting behavior significantly influences
multi-region bathtub model dynamics. In a multi-region bathtub model, dynamic path distance
approximations may also influence the flow exchange dynamics between regions, resulting in a
more intricate impact on traffic states in all regions.

This paper investigates whether intra-regional RFF-based dynamic path distance approximations
can improve the accuracy of a multi-region bathtub model. Specifically, we extend the multi-
region accumulation-based bathtub model by incorporating a traffic-state-dependent rerouting fac-
tor function (RFF) to approximate dynamic path distances within regions using dynamic traffic
states and aggregated network-demand properties. On a partitioned road network of the city of
Delft, the Netherlands, the extended model is benchmarked against a macroscopic traffic simulation
and bathtub simulations with static and dynamic path distance inputs.

2 METHODOLOGY
Multi-region bathtub model

This paper adopts the accumulation-based multi-region bathtub model proposed in (Mariotte &
Leclercql [2019; [Mariotte et al., [2020). Assuming a negative exponential trip distance distribution,
the accumulation-based bathtub model is formulated based on the conservation of vehicle accumu-
lation in the network (Daganzo, 2007 [Vickrey, [2020).

For multi-region cases, traffic dynamics are modeled at the regional path level, since vehicles on a
path affect only the regions they traverse. Each path has a region sequence S, = (s1, s2,..., 5k, ),
where sk is the index of the K'th region traversed by path p and K, is the total number of regions
traversed by path p. For each region s, there is a set of internal paths P and a set of external
paths P!, Paths originating from the region are considered internal. Paths entering the region
from outside are considered external.

Based on the accumulation-based model, the dynamics of path accumulation in region s are given
by _
fps (1) = g (t) — gpe (1) (1)

where n,, ;) denotes the accumulation of vehicles following path p in region s, qli,fls(t) and qgfgt(t)
are the inflow and outflow of path p in region s at time ¢.

We describe the model using the flow evolution process illustrated in Figure [l In the figure
and the following description, the time index (¢) for traffic states is omitted for clarity. For de-
tailed formulations of the model, see Mariotte et al.| (2020).

Consider a path p originating in Region 1 and ending in Region 2, traversing the macroscopic
nodes my, mo, and mg, where C,,, denotes the capacity of node m. As an internal path in Region
1, the inflow of p is not restricted and equals the path demand A, ;. At the boundary node mao,
the inflow of path p into Region 2 is equal to its outflow from Region 1, which is the minimum
between the upstream outflow demand and the downstream inflow supply.

The outflow demand of path p in Region 1 O, ; is derived from the regional outflow demand func-
tion P{(n1) (bottom-left plot). It is allocated to each path proportionally to its accumulation ny 1.
The downstream inflow supply for path p entering Region 2 I, 5 is determined through a two-level
merge process at node msy and at the regional boundary. Outflow demands of paths that enter Re-
gion 2 through my are merged under the node capacity C,,, using the Merge() algorithm (Leclercq
& Becarie, [2012), resulting in node-level inflow supplies such as I .

For the second level, all paths entering Region 2 from upstream regions (i.e., all paths in P$Xt)
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Figure 1: Conceptual illustration of flow evolution in the multi-region bathtub model

are jointly constrained by the receiving capacity of Region 2. The available capacity for external

inflows is determined from the regional inflow supply function P§(ns2) (bottom-right plot), after

prioritizing internal demand. Specifically, the effective capacity allocated to external paths is ex-

pressed as P§*(ny) = P¢(ng) — Zpep;m Ap2Dp o, where Dy, 5 is the distance of path p in Region
ext

2. A second merge is then applied to paths in P§**, using P§**(ns) as the capacity constraint,
yielding the final inflow supplies I, 5.

As path p terminates in Region 2, its outflow is determined by the minimum between its out-
flow demand O, 2 and the capacity of the end node C,,,. The end node capacity is typically
assumed to be sufficiently large, ensuring that vehicles exiting the network are not constrained.

For the regional density-flow relationship, we use a smoothed trapezoidal MFD (Ambiihl et al.
2020). The formulation gives an average outflow of region s

s(ns(t)) = —hyln (emp (W) + exp (C,f) + exp (‘("‘h”(t))“’)) 2)

S

where ¢4(ns(t)) is the average outflow of region s at a density ng(t). hs is a smooth parameter,
v/ is the free-flow speed, Q, is the average intersection capacity, x is the jam density, and w, is
the wave speed. In the accumulation-based model, the outflow expression can be converted into a
production MFD with Ps(ns(t)) = gs(ns(t))Ls, where Ly is the total length of the region in a unit
of lane*km.

Rerouting factor function

To incorporate intra-regional rerouting effects into the multi-region bathtub model, we employ the
rerouting factor function (RFF) (Guo et al.||2025). The RFF is defined as the ratio of the dynamic
mean trip distance (MTD) to the shortest-path MTD for a region. For a single-region network, the
RFF uses the OD matrix and route sets for each OD pair to calculate aggregated network-demand
properties at each time step. In a multi-region network, the rerouting factor function for each
region is defined as

s(t
I+ ag s <1vv(f)>, ve(t) > vt
’A}/s(vs(t)yes) = N ’Uth i (t) bs B (3)
min(%(u}gh,es) + as pPRP <f) , 1+ Rs), vg(t) < vih
Vs



where ag, bs, ¢5, and a4 are scale parameters, and v, (t) is the average speed in region s. 0,(t) denotes
the set of aggregated network-demand properties. It is defined as 8, = {v{, 7], us, vt pPRP R,}.
As shown in Figure[2] each aggregated network-demand property determines a different component
of the RFF curve.
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Figure 2: Conceptual illustration of the rerouting factor function

The free-flow speed vf serves as a reference value for normalizing speeds across different networks.
It is calculated as the average of free-flow speeds of routes weighted by their assigned demands.
At vf, the rerouting factor equals 7/, which can be obtained from static traffic assignment results
under free-flow conditions.

In regions where faster routes have longer distances, a two-branch RFF assumes a speed threshold
v!" that separates the decrease and increase branches of 4. The increasing and decreasing trends
are defined relative to reductions in speed. The slope of the decrease branch is us, and the slope
of the increase branch depends on the proportion of route sets with large distance variation p? P,
It is assumed that 4, has an upper bound, affected by the average range of distances of route sets
in the network R,. When the speed limit is uniform across the network, v!" coincides with v/,
and RFF reduces to a one-branch increasing trend, where Eq is simplified with vih = vf , hence
4s(vih,0,) = vI. The calculation of these aggregated network-demand properties is described in

Guo et al.| (2025)).
Regional path aggregation and path attributes

In multi-region bathtub models, regional paths are defined using the macroscopic nodes in the
network (as shown in Figure. The set of macroscopic nodes M includes all origin and destination
centroids as well as transfer nodes (Mariotte et al..[2020). Each route r is associated with a sequence
of nodes M, = (my, ma,...,mg,), where K, denotes the total number of nodes traversed by route
r. The route set corresponding to the regional path p is defined as R, := {r € R | M, = M,}.
where R is the full route set in the network. The demand on each regional path is

)‘p(t) = Z )‘ipjp (t)pipjpr(t) (4)

rERp

where 4, and j, are the origin and destination of regional path p, thus i, = M,[1],j, = M, [K,].
Ai,j, (t) denotes the OD level demand at time ¢, and p;,j,-(t) represents the fraction of OD demand
assigned to route r in dynamic traffic assignment.

Route distances are segmented according to the regions they traverse. In each region s, the
segmented distance of route r is denoted as d, s. Using dynamic traffic assignment (DTA) results,
the path distance of path p in region s is calculated as

ZTERP dr,spipjpr(t)
ZT‘ERP pipjp’r' (t)

Dy,s(t) = ()

Since p;,j,»(t) is affected by dynamic route choice behavior, the path distances (PD) are time-
and traffic-state-dependent. Without the need to capture the route choice behavior in detail, the



RFF can be used to approximate the rerouting factor at the regional level. The approximated
intra-regional rerouting factor is then applied to the path distances of all regional path segments
within the region.

With macroscopic traffic simulation data, the dynamic PD D, ,(¢) and free-flow PD D;J:S are

calculated as the weighted average over all route segments in the path, with demand on routes as
the weight.
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Figure 3: Assessment framework for the performance of RFF-extended multi-region bath-
tub model

Figure [3] shows a framework to assess the performance of the RFF-extended multi-region bathtub
model. We create four cases with different regional PD inputs, including dynamic PDs Dj(t)
from dynamic traffic assignment, approximated PDs D,, . (v4(t)) = D} A(vs(t),05(t)), initial PDs
D, +(0) from static traffic assignment, and theoretical shortest PDs Dg In the following, we refer
to the 4 cases as BM-DTA, BM-Appr, BM-Stat-STA, and Stat-SP(shortest-path), respectively.
Regional accumulation and speed results from the four cases are benchmarked against macroscopic
traffic simulation results. Through cross-case comparison of the errors, the performance of the
RFF-extended model is assessed.

3 RESULTS AND DISCUSSION

For the comparative simulation analysis, we build bathtub model simulations for the road network
of the city of Delft, the Netherlands. We use a macroscopic traffic simulation of Delft developed
by IDAT.Mobility| (n.d.)) as the benchmark. In the following, we refer to this simulation as the
benchmark simulation.

As shown in Figure [a] the network is partitioned into 4 regions based on the normalized cut
(NCut) algorithm (Shi & Malik, [2000), with link density data from the benchmark simulation used
as clustering features. Although Region 1 includes the most congested links, it cannot be separated
directly by NCut under a four-region partition. To address this, we apply a heuristic procedure.
First, the network is over-partitioned into a larger number of regions than required to ensure that
the congested area corresponding to Region 1 is separated. After fixing Region 1, the remaining
regions (2-4) are obtained by merging adjacent subregions based on spatial connectivity. The two
north-south corridors located at the left and right edges of the network are two freeways.

The network is loaded with the demand profile shown in Figure db] We scale the demand profile
using coefficients ranging from 0.45 to 0.47 to generate ten demand scenarios. Traffic state data
from the benchmark simulation is aggregated at a one-minute resolution. The dynamic assignment
is performed at 10-minute intervals, allowing congestion to evolve over time and influence subse-
quent pre-trip route choices. In the bathtub model simulations, a 30-second time step is used for
traffic state and dynamic path distance updates. R-DTA is not implemented in the bathtub model
simulations. We use the route-level DTA results from the benchmark simulation as dynamic path
demand inputs (Eq.

All 64 border points created by the partitioning are retained as macroscopic nodes, resulting in
a total of 87 macroscopic nodes (including 25 OD centroids). Based on these nodes, 4318 routes
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Figure 4: Simulation network structure and demand profile

are aggregated into 1185 regional paths. Further aggregation of border nodes is possible, but
it may amplify the impact of intra-regional rerouting, since the route set of each regional path
becomes larger. Therefore, we begin with the least-aggregated regional path definition to exclude
the influence of aggregation.

MFD and RFF calibration

Using density and speed data from the benchmark simulation, we calibrate the MFD for each
region. The calibrated MFDs are shown in Figure[5] Region 1 is considerably more congested than
Regions 2-4, underscoring the need for network partitioning in the Delft network. As there is a
lack of congested observations, the jam density for Region 2-4 is fixed at 150 veh/km/lane.
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Figure 5: MFD fitting results

We use the Genetic Algorithm to calibrate the RFF parameters. The calibrated regional RFFs
are shown in Figure @ For each region, the dots represent observed data (obs) and the crosses
represent the RFF fits. In all four regions, the RFFs collapse to the one-branch form. It can be
seen that RFF cannot capture v, for Regions 1 and 3. These two regions have very few route
alternatives, thereby limiting the variation in MTD under congestion (as shown in Figure .
The high deviation of 3 around free-flow speed is because it has a highly uneven path distance
distribution, a small change in demand fraction can lead to a drastic increase or decrease in =3

Table [1f lists the RFF parameter calibration results. nRMSE denotes the RMSE normalized by



the range (max-min) of observed values. For Regions 1 and 3, an R? value close to 0 indicates
that the fitted curve describes the variation of data no better than the mean of the observations.
Although RFFs for Regions 2 and 4 capture the increase of 75 (as shown in Figure @, the large
gap between observed and fitted data at free-flow speed makes the nRMSE and R? of Region 2 the
worst among the four regions. Data points where the ratio v, /v exceeds 1 result from differences
between the network demand distribution and the realized regional demand composition, as vg is
calculated with assigned demands as weights. For data points where v,/v] < 1, the nRMSE and
R? are 0.221 and 0.093 for region 2, indicating that the fitted RFF captures some underlying MTD
variation, although the overall explanatory power remains low.

Comparing the best-fit region with the single-region case (Guo et al) [2025), Region 4 has an
R? higher than that of the single-region RFF, while its nRMSE is five times larger. In Figure @
it can be seen that regional v data are far more dispersed than network 7 data. This indicates
that RFF’s performance is highly dependent on how paths are segmented. For better RFF fitting,
the network may need to be partitioned using criteria beyond link density, such as the standard
deviation and distribution type of the regional trip distance distributions.
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Figure 6: Rerouting factor function fitting results for the four regions and the single-region
case

Table 1: RFF parameter calibration results

Calibration results | a a b c nRMSE R?
Region 1 - | 7.89 | 0.57 | 0.21 0.231 | -0.025
Region 2 - | 0111021 028| 0327 |-1.331
Region 3 - 19211029018 | 0.207 0.009
Region 4 - | 7341205013 | 0.161 0.362

Single region 0.1 | 0.06 | 1.90 | 0.39 | 0.034 0.247

Simulation results

For each demand scenario, we run bathtub model simulations for the BM-DTA, BM-Appr, BM-
Stat-STA, and BM-Stat-SP cases. Focusing on the congestion-building period, we compare ac-
cumulation and speed results from 0.5 to 2.5 h with those from the benchmark simulation. The

model performance during the congestion-resolving period is also influenced by whether hysteresis
phenomena are included in MFD and RFF (Leclercq & Paipuri, 2019;|Guo et al.l|[2025). Therefore,




modeling the congestion-resolving period is out of the scope of the present study.

Table 2] reports the mean errors normalized by the maximum accumulation or speed. Signifi-
cance marks (*) indicate whether the mean error differs significantly from the BM-DTA case based
on the independent-samples ¢-test. It can be seen that the results in the BM-Stat-SP case are
relatively far from those of the other cases across all regions, indicating that static path distances
should not be derived from minimum path distances. For Regions 1 and 3, limited path distance
variations lead to close performance in the BM-DTA and BM-Stat-STA cases. For these two re-
gions, applying the approximation method cannot improve the accuracy of the model. Regions 2
and 4 both show improvement in the BM-Appr case. For Region 2, BM-Appr has errors closer
to BM-DTA than BM-Stat-STA. For Region 4, BM-Appr outperforms both BM-DTA and BM-
Stat-STA. Figure [7] shows the accumulation and speed curves of the four regions in one demand
scenario, illustrating the differences across the scenarios more directly.

Table 2: Normalized mean errors of bathtub model simulations in all regions

. . Normalized mean error
Variable Region BM BM BM BM
-DTA | -Appr | -Stat-STA | -Stat-SP
Region 1 0.003 | -0.006** 0.004 -0.020%**
Region 2 -0.027 | -0.031 -0.040%** -0.114%%*
Accumulation Region 3 0.031 0.036 0.030 0.025*
Region 4 -0.045 | -0.028** | -0.046 -0.110%**
Single region | 0.072 | 0.112*** | 0.069 -
Region 1 -0.005 | 0.001** | -0.006 0.015%**
Region 2 0.037 | 0.037 0.045%* 0.088%**
Speed Region 3 -0.018 | -0.019 -0.018 -0.017
Region 4 0.032 | 0.019** 0.033 0.0817%**
Single region | -0.096 | -0.133*** | -0.023*** -
Note: * p < 0.05, ** p < 0.01, *** p < 0.001.
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Figure 7: Simulation results from the scenario with demand coefficient of 0.456

Compared with the single-region bathtub model, multi-region bathtub models generally have lower
errors. As for the performance of the RFF-extended model, the multi-region case shows clear and
consistent improvement on both speed and accumulation accuracy in Regions 2 and 4. The BM-
Appr case has a closer mean error to the BM-DTA case in Region 2 and the smallest error among
all cases in Region 4. This suggests that partitioning not only improves regional homogeneity but
also isolates regions where dynamic path distance has a stronger impact, allowing its influence to
be captured more accurately at the regional level.



4 CONCLUSIONS

In this paper, we extend a dynamic mean trip distance approximation method (i.e., rerouting factor
function) to regional paths in a multi-region setting and conduct a case study on the road network
of Delft. We apply a partitioning method based on NCut and process regional benchmark data
from macroscopic traffic simulations. By retaining all border transfer nodes, we define regional
paths at a low level of aggregation. Through bathtub simulations with four path distance inputs,
we observe improved accuracy in both accumulation and speed in two of the four regions, outper-
forming the single-region RFF-extend model.

We conclude that the influence of dynamic regional path distance varies across regions and is
affected by the partitioning schemes. The path distance approximation method may not be neces-
sary for all regions in a multi-region bathtub model, since regions with limited route alternatives
exhibit small variation in path distance. In this study, the multi-region bathtub models rely on
dynamic traffic assignment outputs for dynamic path demand. In future work, we will incorporate
regional dynamic traffic assignment into the models and investigate how dynamic regional path
distance approximations influence regional route choices across different levels of path aggregation.
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